
Notes for Lecture 30 Mon, 4/6/2026

Example 162. Find the best approximation of f(x)= x
p

(in the L2 sense) on the interval [0;1]
using a function of the form y= a+ bx.
Important observation. The orthogonal projection of f : [0;1]!R onto spanf1; xg is not simply the projection
onto 1 plus the projection onto x. That's because 1 and x are not orthogonal:
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Using these values, the best approximation is
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The plot below (where we also included the previous example) confirms how good this linear approximation is:
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Example 163. What is the orthogonal projection of f : [a; b]! R onto the space of constant
functions (that is, spanf1g)?
Solution. The orthogonal projection of f : [a; b]!R onto spanf1g is

hf ; 1i
h1; 1i 1=

R
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a
b12dt
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f(t)dt:

This is the average of f(x) on [a; b].
Comment. Makes perfect sense, doesn't it? Intuitively, the best approximation of a function by a constant
should indeed be the one where the constant is the average.

Orthogonal polynomials

Example 164. Proceeding as in the previous example, compute an orthogonal basis for the space
spanf1; x; x2; x3g.
Solution. To find an orthogonal basis, we use Gram�Schmidt:
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The polynomials 1, x¡ 1
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form an orthogonal basis for the space of polynomials

of degree at most 3.
Comment. Of course, we could keep going by next including x4; x5; ::: Up to scaling, the resulting polynomials
are known as the shifted Legendre polynomials and they are an example of a family of orthogonal polynomials.
They are important, for instance, in approximating more complicated functions using polynomials (see the
previous example, for instance).
Homework. Fill in the details of the computation for q4 (maybe using Sage for support). For instance, here is
how to compute

R
0
1
t2
�
t¡ 1

2

�
dt using Sage:

>>> t = var('t')

>>> integral(t^2*(t-1/2), t, 0, 1)

1
12

In the literature, the interval [0; 1] is often replaced with the interval [¡1; 1] (because of the
symmetry). If we proceed as above, then the resulting orthogonal polynomials are known as the
Legendre polynomials. In the case of the interval [¡1;1], we consider the space of all polynomials
(with real coefficients) together with the dot product

hp1; p2i=
Z
¡1

1

p1(t)p2(t)dt: (1)

Comment. That dot product is useful if we are thinking about the polynomials as functions on [¡1; 1] only.
You can, of course, consider any other interval and you will obtain a shifted version of what we get here.
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Example 165. Are 1; x; x2; ::: orthogonal (with respect to the inner product (1))?

Solution. Since hxr; xsi=
Z
¡1

1

trtsdt=

Z
¡1

1

tr+sdt, we find that hxr; xsi=

8<:
2

r+ s+1
; if r+ s is even,

0; otherwise:

Hence, if r+ s is odd, then the monomials xr and xs are orthogonal. On the other hand, if r+ s is even, then
xr and xs are not orthogonal.

Example 166. Use Gram-Schmidt to produce an orthogonal basis p0; p1; p2; ::: for the space of
polynomials with the dot product (1). Compute p0; p1; p2; p3; p4.

Instead of normalizing these polynomials, standardize them so that pn(1)= 1.

Solution. We construct an orthogonal basis p0; p1; p2; ::: from 1; x; x2; ::: as follows:

� Starting with 1, we find p0(x)= 1.

For future reference, let us note that kp0k2=
Z
¡1

1

1dx=2.

� Starting with x, Gram�Schmidt produces x¡
�
projection of
x onto p0

�
= x¡ hx; p0i

hp0; p0i
p0=x¡

Z
¡1

1

tdt= x.

Again, that's already standardized, so that p1(x)= x.
Comment. The previous problem already told us that x is orthogonal to 1.

For future reference, let us note that kp1k2=
Z
¡1

1
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2
3
.

� Starting with x, Gram�Schmidt produces x2¡
�

projection of x2
onto spanfp0; p1g

�
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hp0; p0i
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.

Hence, standardizing, p2(x)=
1

2
(3x2¡ 1).

Comment. The previous problem told us that x2 is orthogonal to x (but not to 1).

� Continuing, we find p3(x)=
1

2
(5x3¡ 3x) and p4(x)= 1

8
(35x4¡ 30x2+3).

Comment. These famous polynomials are known as the Legendre polynomials. The Legendre polynomial pn
is an even function if n is even, and an odd function if n is odd (can you explain why?!).

An explicit formula is pn(x)= 2¡n
P

k=0
n

�
n
k

�2
(x+1)k(x¡ 1)n¡k.

For instance, p2(x)=
1

4
((x¡ 1)2+22(x¡ 1)(x+1)+ (x+1)2)=

1

2
(3x2¡ 1).

https://en.wikipedia.org/wiki/Legendre_polynomials

Comment. Legendre polynomials are an example of orthogonal polynomials. Each choice of dot product gives
rise to a family of such orthogonal polynomials.
https://en.wikipedia.org/wiki/Orthogonal_polynomials

Comment. It is also particularly natural to consider the dot product (1), where the integral is from 0 to 1. In
that case, we obtain what's known as the shifted Legendre polynomials p~n(x)= pn(2x¡ 1). Compute the first
few and compare with Example 164.
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