Notes for Lecture 29 Fri, 4/3/2026

Example 160. (extra) We can identify complex numbers x + iy with vectors { z } in R?. Then,
what is the geometric effect of multiplying with 27

Solution. Algebraically, the effect of multiplying = + iy with i obviously is i(x +iy) = —y + ix.

Since multiplication with 7 is obviously linear, we can represent it using a 2 X 2 matrix J acting on vectors [ C?j ]

11 _To .. . S o] _ [ -1 .. . L.
J{O]—{l](thls is the same as saying i- 1 =1) and J[l}—{ 0 ](thls is the same as saying i-i=—1).

Hence, J:[ (1) :)1 ] This is precisely the rotation matrix for a rotation by 90°.
In other words, multiplication with 7 has the geometric effect of rotating complex numbers by 90°.
Comment. The relation i2= —1 translates to J2=—1I.
Complex numbers as 2 X 2 matrices. In light of the above, we can express complex numbers x + 7y as the
2x 2 matrixxl+yJ= [ z ;y ] Adding and multiplying these matrices behaves exactly the same way as adding
or multiplying the complex numbers directly.
For instance, (2+ 3i)(4 —4) =8 + 10i — 3i? = 11 + 10i versus [ g -3 H :11 ] = [ H =10 ]
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2+3i  (2+34)(2—3i) 13 o -3

Likewise for inverses: 3 9

Function spaces

Recall the following:
e We call objects vectors if they can be added and scaled (subject to the usual laws).

e A set of vectors is a vector space if it is closed under addition and scaling.

In other words, vector spaces are spans.

We will now discuss spaces of vectors, where the vectors are functions.

Why? Just one example why it is super useful to apply our linear algebra machinery to functions: we discussed
the distance between vectors and how to find vectors closest to interesting subspaces (i.e. orthogonal projections).
These notions are important for functions, too. For instance, given a (complicated) function, we want to find
the closest function in a subspace of (simple) functions. In other words, we want to approximate functions using
other (typically, simpler) functions.

Comment. Functions f(x) and g(z) can also be multiplied. This is an extra structure (it makes appropriate
sets of functions an algebra, which is something more special than a vector space), which we ignore during our
discussion of vector spaces.

| An inner product on function spaces

On the space of, say, (piecewise) continuous functions f: [a, b] — RR, it is natural to consider
the dot product

(f,9) I/bf(t)g(t)dt.
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Why? A (sensible) dot product provides a (sensible) notion of distance between functions. The dot product
above is the continuous analog of the usual dot product (x, y) = Z?:1 xzy¢ for vectors in R™. Do you see it?!

As a consequence, once we have the dot product, we can orthogonally project functions onto spaces of simple
functions. In other words, we can compute best approximations of functions by simple functions (for instance,
best quadratic approximations).

Why continuous? We need that any product f(z)g(z) is integrable. That means we cannot work with all
functions. Continuity is certainly sufficient. In fact, the right condition is that f(x)? should be integrable on
[a,b] (i.e. f(z) is square-integrable). Such a function is said to be in £%[a, b].

Example 161. Find the best approximation (in the L? sense) of f(x)=./x on the interval [0, 1]
using a function of the form y=ax.

Solution. The orthogonal projection of f:[0,1] — IR onto span{x } is

1.2

1 1
<f,l'>x:fo f(t)tdtx—:ax/ltf(t)dt. —
0

(z, ) Jot2dt

In our case, the best approximation is

3 ! Vidt=3 ! 3/2qt —3 |: 1 5/2:|1 6
X t\/tdt = 3x t t=3x| ——t = —. 0.2
A /0 5/2 o b

What does “in the L2 sense” mean? There are various ways to make precise what “best approximation” should
mean. Here, we mean that the norm of the error gets minimized: since the error is error(t) = V't — at, this means
that

error 2= error, error) =
[[error]| .

1 1
error(t)2dt = / (vt —at)?dt
0

is minimized over all choices for a (note that it does not make a difference whether we are minimizing the norm or
the square of the norm). Since the above norm is known as the L? norm, we are finding the best approximation
“in the L? sense’. For instance, an alternative meaningful norm is the L°° norm, for which ||error|| simply
measures the maximum absolute value of the error (this may sound simpler but there is no corresponding notion
of orthogonality so that we cannot apply tools like orthogonal projections).

For comparison. Let's minimize r(a) := ||error||? directly! First, we compute that
R 2qr— [ 3/2 4 4242 Lz A sz 1oap]t 1 4 1,
r(a):/ (vt —at) dt:/ (t —2at?/? + a2t2)dt = | =12 — Zat®/? + Za2t3 | == —Za+—a2
0 0 2 5 3 o 2 b 3
We now minimize 7(a) over all choices of a using what we learned in Calculus I: if the minimum occurs at a,
then we necessarily have r/(a) =0. We compute that r’(a) = —%Jr %a. Solving —%Jr %a:(), we find a :g as

the only candidate. Which matches exactly what we have found above!

Clearly, this approach becomes more challenging if our approximations have more than one degree of freedom.
However, our linear algebra approach continues to work fine, as we will see in the next example.
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